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(5%) If X and Y are independently identically distributed gamma random variables with parameters

a=2 and 6=1/2, find the expected value E[2(X — 1)2(Y + 1)2].
Hint: Gamma distribution pdf

X
f(x) =F(a)9ax“_1e 8, x>0a>00>0.

u=ab,c?=ab?

Let S be the three-element set {a, b, c} and let A be the o-field of all eight subsets of S. Define
probabilities on these eight events by means of the following function:

P(a) ==, P(b) =5, PP =2
aj) = 7, = 7, Cy) = 7.
Let X be the random variable from S to R defined by

X({a}) =1, X({b}) =5, X({c}) = 0.
Find the following:

(1) (5%) The probability P({a,b}).

(2) (5%) The event {s:X(s) € E} where E is the interval [3,6].

(3) (5%) The probability of the event in part (2), thatis, P(3 < X < 6).

(4) (5%) The probability of the event {s: X(s) = n}, thatis, P(X = n), foreachn=0, 1,2, 3

Suppose that X and Y are independent random variables with X being uniform on (0,1) and Y being
exponential with mean 1. Let U = XY and V = X + Y. Compute the following:
(1) (5%) The covariance of U and V.
(2) (10%) The conditional density f(u|y) of U givenY =y.
(3) (10%) The probability density function for V.
Hint: Exponential distribution pdf

y

e 9, y>0,0>0,

D =

fly) =

u=20.
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4. A random sample of size n=20 is drawn from exponential p.d.f.

1 X
—exps——y, X>0, >0
F(x)=10 p{ e} ,

0, otherwise

(1) (10%) Find the p.d.f. of X, = min{X,,..., X,} .

(2) (10%) We want to test the null hypothesis H,:0=10 against the alternative hypothesis
H,:0<10. The test is based on the critical region C={X,, | X, <k} at a significant level of
0.05. Please find the value of k.

(3) (10%) What is the probability of a Type Il error 8=2.
5. Consider the regression model Yy, =, + f,% +¢&,, 1=12,...,n, where y;'s are independent and
distributed as N (3, + B,%,5°).

(1) (15%) Find the maximum likelihood estimators (MLEs) of g, and g,.
(2) (5%) Find the variance of the MLE of 4.




