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For all the problems, justify your steps fully. 

1. (20%)  Let Ax = b denote the system of linear equations 

{ 

 𝑥1 + 2𝑥2 − 𝑥3 + 3𝑥4  = 2
2𝑥1 + 4𝑥2 − 𝑥3 + 6𝑥4 = 5
                𝑥2           + 2𝑥4 = 3.

 

Find the solution set of Ax = b. 

 

2. (20%)  Find a subset β of S = {(1,0,−2), (2, −3,5), (8,−12,20), (0,2,−1), (7,2,0)} such that β 

is a basis for span(S). 

 

3. (20% = 10% + 10%)  Consider the matrix A = [
1 2
2 1

]. 

(A)  Find a unitary matrix P and a diagonal matrix D such that A = PDP∗. 

(B)  Find A20 . 

 

4. (20% = 10% + 10%) 

(A)  Given 𝑎0, 𝑎1,… , 𝑎𝑛 ∈ ℝ, consider a Vandermonde matrix A =

[
 
 
 
1 

 

1 
 

⋮
1 

 

  𝑎0 
 

 𝑎1
 

  ⋮
 𝑎𝑛

 

 

𝑎0
2

𝑎1
2

⋮
𝑎𝑛

2

 

…
…
⋱
…

 

𝑎0
𝑛

𝑎1
𝑛

⋮
𝑎𝑛

𝑛]
 
 
 

.  

Show that det(A) = ∏ (𝑎𝑗 − 𝑎𝑖)0≤𝑖<𝑗≤𝑛 . 

(B)  Compute det
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5. (20%)  Let (V, 〈·,·〉) be a finite-dimensional inner product space over ℝ, and let F:V → ℝ be a 

linear transformation. Show that there exists a unique vector 𝑣 ∈ 𝑉 such that F(𝑢) = 〈𝑢,𝑣〉 for all 

𝑢 ∈ 𝑉. 


